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Course Agenda

J What is a Transfer Function?

J Why do We Need New Analytical Techniques?
[ Time Constants and Poles

 Identifying the Zeros

. The Null Double Injection

1 2nd-Order Networks

J The PWM Switch Model

J A CCM Buck in Voltage Mode

1 A CCM Buck-Boost in Voltage Mode
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Course Agenda

J What is a Transfer Function?
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Definition of Transfer Functions

L What is a transfer function?

Excitation Response

“A transfer function is a \V ( s) response
. . . . . out

mathematical relationship linking H (s) = o

a response to an excitation” Vi (S) etation
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Six Types of Transfer Functions

 Transfer function can involve signals at different places

Response Response
V I
e O | HE=E T T 10 H(s)="2 ) T i, (s)
Vi () L, (s)
Excitation Excitation ‘
Voltage gain Current gain
Response Response
1. (5) Vo (5) T
| H(s)=-2 1. (s) I (s H(s)=—" V. (s
Vln (S) ( ) Vin (S) OUt( ) |n( ) (S) Iin (S) t( )
Excitation Excitation
Transfer admittance Transimpedance

or transadmittance
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Driving Point Impedance - DPI

J Waveforms can also be observed at the same terminals

Excitation

ﬁ Response
| e (5
Vou (8) lou (5)
V l. (s / —_ o V. (s H __ou
L(9)] (e (- ISR
Response L
Excitation
Input impedance Input admittance
1 Determining the resistance at reactance’s terminals: DPI
NNN— ‘\/\/\/—ﬁ
R R, ;0 =
Remove V.
R2§ §R3 C = ) R2§ §R3 TVT O = R="T=R R +R
capacitor ) j T

Test generator
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Writing Transfer Functions

J How to write a transfer function the right way?

v’ A leading term (if any) with the same unit as the function
v' A numerator N(s): its roots are the zeros ~ |H(s,)|=0

v' A denominator D(s): its roots are the poles |H(s, )|

unitless
unitless  unitless [Q] [Q] l
J J l J ‘N(s) :
gain H (S) =H, N (S) VA (S) = Ro D((i) impedance
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Course Agenda

J Why do We Need New Analytical Techniques?
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Why a Different Approach?

J A buck power stage involves energy-storing elements

*» Energy-storing elements host parasitic contributors
** They move with production, temperature, age...

They hide in the transfer function
and must be unmasked!
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Identifying the Contributors

J Brute-force algebra complicates analysis

10

1 Dc gain? e Zeros?
—+r. (/IR T e e
H (s) = (Cz CjH S . RtsReCo
( L, jHR e 'R +1 +SL +SC,RI. +C,RIS+C,I.rs+C,LRS +C,Lrs’ i
SC, * - T—Poles?

d More energy is needed to unveil these terms
s factor and rearrange coefficients

s simplify numerator and denominator

» Don’t make mistakes!

‘ This is a high-entropy expression

In thermodynamics, entropy is a measure of disorder, http://en.wikipedia.org/wiki/Entropy
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Low-Entropy Expressions

J What if you could write the expression in one shot?

————

————————————————————————————————

1_|_i A 0. = 1 I +R

H (5) ={H, e s . r.C, «/L1C rn+R
1—I—E > E—FE[SJ i Q= n+R 1

(2R @) y L+C,[rr +R (. +1)| o,

‘ This is a low-entropy expression

R. D. Middlebrook, “Methods of Design-Oriented Analysis: Low Entropy Expressions”, New Approaches to Undergraduate Education, July 1992
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Starting with a Simple Example

J What is the transfer function of the below circuit?

VOU'[
——————— 1  1+sr.C
- Z/(S)=r.+—= c
+ . (8)=te sC,  sC,
Vi, 00 5 1+sr.C,

o mm o mm o e o e e = = = = = =

Zl
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Two Different Stages

13

1 Consider dc and high-frequency states for L and C

| C  mpedange 7 _ 1 Dc state Z. =00 Cap. is an open circuit
T “ sC HF state Z. =0 Cap.is a short circuit
| pedanig 7 —oL Dcstate Z, =0 Inductor is a short circuit
L=

HF state Z, =oo Inductoris an open circuit

 Change the circuit depending on s
b b
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Fast Analytical Techniques at a Glance

14

L Look at the circuit fors=10

» Capacitor are open circuited }
» Inductors are short circuited

SPICE operating
point calculation

Rl

e

C =

d Determine the gain in this condition
H, =V =1

out in
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Fast Analytical Techniques at a Glance

J Look at the resistance driving the storage element
1. When the excitation is turned off, V;, =0V

\/éut AVAVAY:
R, R,
r V. =0V
+ y fc §
V.

R ) |
Short the ¢ R?
C == source. T '

(1 Remove the capacitor and look into its terminals
> The first time constantis 7, =(r. +R,)C,
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Fast Analytical Techniques at a Glance

16

J Look at the resistance driving the storage element

1. When the excitation is back but V,,, =0V
Vau V, =0
R, R
2 Vo =0V ol S
+ - +
Vin C) @ Vin
No response
C — < R?
7

(1 Remove the capacitor and look into its terminals
» The second time constant is 7z, =r1.C,
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Combining Time Constants

d By combining times constants, we have

l+sz,  1+sr.C

H (s) = H _
(s)=H, I+s7, 1+s(r. +R)C,

(J Rearrange the equation to unveil a pole and a zero

> 1
o W, = —— H, =1
H(S)ZH0 SZ r.C,
1+— Y = 1
@p " (r.+R))C,

 This is a low-entropy expression
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Another Example

| |
I
O

d How would you calculate V. / V;,?
A AN ————= V., (5)
| R R,
o, I
V., (s).
i

® R R

e o o omm =

1. Transform the circuit with a Thévenin generator
2. Apply impedance divider involving C,
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Apply Impedance Divider

— oy,

J Reduce circuit complexity with Thévenin

Rth(s): R, | R, +R,

1
o +—

2,(9)-R
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High-Entropy Expression

J How do you make use of this result?

Hy(s) =

** what is the pole/zero position?

*» what affects the quasi-static gain for s = 0?

0]

-20

40

-60

-80

-100

10

H(f)

100

20 2/25/2016

10k 100k 1Meg 10Meg 100Meg
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Applying FACTs Now

21

4 What is the gain when V. is a dc voltage?

— AAA—T—AAA— —= V... (8)
‘.

R

1

+

Vin (S) 6’ R, § R,

| |
I
O

d The capacitor is open circuited, read the schematic!
R, R,

H =
" R +R R|R, +R, +R,

Fast Analytical Circuits Techniques - FACTs, V. Vorpérian
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Determine the First Time Constant

J Look at the resistance driving the storage element
1. When the excitation is turned off, V;, =0V
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Determine the Second Time Constant

23

J Look at the resistance driving the storage element

1. When the excitation is back but V.

2/25/2016

Rl

=0V

out

R
3
Ic

e RE

Virtual

ground
SR,
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Assemble the Terms

J You immediately have a low-entropy form

H . R2 R4
LS " R +R R | R +R,+R,
0) 1
H(S):H Z @. =
1.8 |7 e+ (RIR+R)IR,C
@ 1

),

, =
rCCI

Way cool!

J We did not write a single line of algebra!
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Use Mathcad® to Check Results

Ry=1kQ  Ry=2kQ  ro=01Q  Ry=150Q Ry := 1000 0
X
loy) === Cp=IpE
-20 ﬁ\ 150
\ 80—
N\ £ ) ——
20-log{ | Hy(i-27-fy )| 10) = 40 \ arg{H, (i-27-i ) -
1 e — =0
R,| r~+ : T N T
4’| I'c 20-log |H,(i-27-f} )|, 10 s 180
( S'Clj o |Ha(i2e-1)[ 10) ~ N\ ] argHyi-27 £, ) ) —
----- — 60 N \\ 7 2 T
R +r~+ ! N ' .
47T R \ /
s-Cy 2 ) \ -
H(s) = : — 80 N / -50
1 Rl + R2 r
R4 rc+ \ 4
+ R R + R3 S I
Rgtrer— 12 ~ 100 3 4 5 6 7 8
s-Cy 10 100 1x10 1x10 1x10 1x10 1x10 1x10
fx
Hy(s) =

1= C1~|:rc + (R1 IRy + R3) I R4] =91.812-ps

Superimposing both transfer functions,
) ) matching should be perfect. If not,
T T T N there is mistake.

1+S"El

= C1~rC = 100-ns

H{(s) :=Hp-
1() 01+S"52
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Course Agenda

1 Time Constants and Poles
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Time Constants

J Response to a step input is described by a time constant
1V - ™

1
Ovr 1+ st

. ,

1st-order linear system

1V

] A time constant “tau” is associated with a reactance

L P | z=RC[s]

‘ ...and a resistance R
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Time-Domain Response

] The time-domain response y(t) of a linear system is

y(t)=r; (t)+1,(t)
(R

Forced response Natural response

[ The first term depends on the excitation - the force

Jo__/\/\/\/i 10.0
5.00 T
+ /]\ Rl / Forced value

-5.00
— -10.0 L () VCl (t )

Public Information
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Natural Response

 Natural response solely involves initial conditions

9.00 (V)
7.00
L(S)
5.00
3.00 V (t )
1.00 C]

— 100u 300u 500u 700u 900u

‘ You don’t need a source for the natural response
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Time Constant Involving a Capacitor

d Assume a simple low-pass RC filter

Y —NVWN— u(t)=Ri(t)+y(t)
N u(t)T _ C ::T y(t) I(t)szV;t(t)
i (t) Initial capacitor voltage is Vo
y(t)=u(t)-RC dv;t(t) =u(t)- Rcdyd_(tt)
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Time Domain to Laplace

J Take the Laplace transform of the time-domain equation
Y (s)=L{y(t)} =U (s)-RC(sY (s)-V,)

Y(s): U(S) . RCV,
1+ R(j 1+SsRC

L - 7 =RC time constant

 Considering O-V initial conditions, v-(0) =0

v(s)= Ngcv (s)
1+SRC 1+§R\C (s) 1+'

1st-order transfer function
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Forced and Natural Responses

J Assume that input voltage U is a step function

bl{v(s)}ztl{vl : }+El{ RCVO} r=RC
s 1+sRC 1+sRC

1 Use inverse Laplace-transform tables to obtain

y(t):vl(l-e;]woe; - y(1)=r, (1)1, (1)

i)\ )

Forced response i Natural response
No initial conditions | No source contribution

Time éonstant
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Time Constant Involving an Inductor

d Assume a simple low-pass LR filter

L u(t)=L did(tt) v (1)
”(t)T " Ty(t) y(t) = Ri(t)

- Initial inductor currentis |,

i(t)

y(t)=u(t)-L 2

dt
 The state variable associated with L is its current, X,
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Laplace Transform

J Take the Laplace transform of the time-domain equation

v(8)=L{y(t)} U (s)-L(st (5)-1,) 1(s)=—)
Y(S):U(S)—'—(S%:)—loj Y(s)= us) | L'OL

1+sL 1+ s|—
R

 Considering O-A initial conditions, 1,(0) =0 L

R
U(s) LI Y(s) 1 |
Y (S) = + 0 | :: S — Time constant
1+s% 1+S|; U(S) 1+'

-0 1st-order transfer function
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Response to an Input Step

J Now assume that input voltage U is a step function

V
U(s)=—
S e e Y
V | LI L
CHY (s)h=L"4- L>+E1< N r=o
S l+s— l+s—
\ R J \ R y,
e N
_t _t
y(t)= 1(l—e ;] Lle ’
B4R \S— J
Forced response Natural response
No initial conditions No source contribution

Time constant
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Natural Time Constant

 The time constant tau plays aroleinr;and r,
J How can we determine tau in the simplest way?
¢ Look at natural response circuit where V,_ is off

Rl
Remove C,
-C, -y «—R?
Look into its
terminals ?

4 What resistance do you see? R, then 7 = R,C,
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Setting the Excitation to Zero

37

 Turning the excitation off means
s A O-V source becomes a short circuit
** A O-A generator is an open circuit and disappears

2/25/2016

Set source T

toOV

R? —AAN j
Set source LJD
> R,

to0A

T T
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Excitation Plays no Role

[ Time constants are part of the network structure

SetV,,to0OV:
no change

Natural network structure

J When excitation is off, the W
structure remains the same Current excitation  set!. to 0 A:

no change
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Does Excitation Change the Structure?

 The time constant does not change forV,, =0V
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Probing Does not Affect Time Constants

1 You can observe the response at any place
s Time constants remain the same
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Denominator and Time Constants

J The response of a SISO system is given by:

y(t)=r (t)+r, (t)= iqepﬂ i, (1)

C are the exponential terms coefficients
n is the system order
p are the poles of the systems

[ Assume the following 3"-order transfer function:

(2 +4](c) 4

N (s) [(5+2)2+4}s—1
D(s) [(s+1) +1} S$+3 [(1) +1J 3 3
3'd order denominator, 3 poles: P; = -3 P, = ij —1

SISO: single-output single-input

Public Information
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SISO Response to a Step Input

d Multiply the transfer function by a step input
1V
i _ 1V
Y(s)=—H(s) — g

S ———

 Extract the time-domain response

4 rO\(l)/tS ro\l(jts ro\(l)/ts 4
= ge_‘” +cos(t)e ™" +3sin(t)e ™" -

- J

3
Iy (t) Iy (t)

iy
—~—
<
—~~
w
g
——
I
<
~~
—
N
|
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Poles and Natural Time Constants

A negative sign implies a decaying term

lime * =0 ~m
l LHPP .
- R ) Re
Stable poles X
LHP | RHP
A positive sigh means it is an increasing term
t ~
¥mm?¢o—_> ~Sm
RHPP «
R — ) x> e
Instable poles X
Left or right half plane pole (LHPP or RHPP)
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Time Constant and Pole - 15t Order

d In 18torder systems, a pole is the inverse of the time constant

Y] Ve (8) Vo (S) 1 1 1

+ R = — =
Vin (S) @ C — ,[ Vin (S) 1+sRC 1+s7 S
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Determining the Time Constant

1 Find the time constant to obtain the pole

R?
—W— o ¥V o

r=C/|r. + R||R+R IR, | i
= Cil+(RIIR+R,)IR, |

S
D(s):1+sr=1+w—IO y
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Same Denominator for Z .

A current generator does not alter the structure
» Denominator does not change!

- R?
1 NN— 0 —AMN\—
C, I'c excitation ot | I'c
- l toO0A
b =
Vil
T\— response
T ~ T

 Transfer function keeps the same denominator

D(s)=1+sC,[r. +(R IR, +R,) IR, ]
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Denominator Changes for Z,_

a7

1 Series insertion of current source alters the structure
R?

| AN o Vo an—
excitation| [ r r
l C1 C C
A —T—AM Set I, AMA—T—AAM—
LA R R, to 0 A R R,

Vv, | O R, RS —> ¢ SR, R, <

T T
response

 Time constant is changed, cannot reuse D(S)
1

r=C|r+R +R (R, +R,)] P = [ +R+R[[(R,+R,)]
1| 'c 1 3 2 !
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Find the Time Constants

L Find the time constants when excitation is setto O

R?
5
| 3 3
< o = W, !
ST e
AM——A—  Set V. ANA——AAN
R L 1R3 toet)v R, S R, T:CI[R2+R1||(R3+R4)]
AN RS > Ry RS l
v ®+ R, R, . |
) wp_cl[R2+Rl I(R, +R,)]
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Course Agenda

 Identifying the Zeros
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Zero: the Mathematical Definition

15

\ X, X, / f(x)=0

N (S) =0 — S, 55, -
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Nulling the Response

 If the numerator is O, then the response is also O

Complex excitation
S=S§,

J What is happening in the box when s=s, ?

‘ The excitation does not generate a response
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How Does the Response Disappear?

 The signal is lost in the transformed network

response R1 response
4[ ]—‘_)Vout(S ) 0 /\/\/\/—r Vout(sz):O
[ N
+ +
(\J Vin (Sz) R1 @ Vin (Sz) Zz(SZ)IO
excitation excitation L p
A series impedance A parallel impedance
becomes infinite. shorts the path to ground

J What is a transformed network?

Public Information
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The Transformed Network

(1 Reactances are replaced by their Laplace expression

Public Information
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Harmonic Analysis

d Harmonic analysis is performed for s = jo

3Jm
Along y %A ¢ imaginary frequencies only
axis only ¢ no real negative frequencies
5 ‘Re
v
 In the transformed network, consider s=o + jo
Jm
I 0 . The four quadrants are considered!
< 0 > e & negative angular frequencies
111 IV ¢ real or imaginary ang. frequencies
v

 There is no physical meaning: mathematical abstraction!
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Considering a Negative Frequency

4 For s =s,,, the RC impedance is a short circuit

. R Zl(sZ ):OQ
fc ' 1+sr.C,: 1
shunt :> Zl (S) B sC | > l
A1 1 1 S = __1
| G D A
4 Fors=s,,, the RL impedance is infinite
Rz ) 22 (SZ2 ) —> o0 Q)
VY sL,R,
| | I:> Z, (S) :'—F\_’ ““““ ;> l
TWT Ry T SLz } R
SL2 =0 522 = _L_2
series Poles of the RL network become W, )

zeros of the transfer function.
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Zeros by Inspection

 Identify transformed open circuits/short circuits
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A Zero in the Laboratory

J Can you observe a zero in the lab?

response is Nnon-zero

1 No, because this is a harmonic analysis s = jo
v" It works for a zero at the origin: dc block

) Vy(0HZ)=0V

Public Information : QN
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A Notch Truly Nulls the Response

J When Q approaches infinity, zeros become imaginary

fZ

Observable

1V pp \(‘ nulll

\‘LQ/\ :> :>Vout(fz)=31uv

- 100

10 100 1x10 Sm

fi

d Build a high-Q notch and you can observe the null —+o |
» Roots are along the y axis: harmonic analysis 1
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Find the Zeros by Inspection

d When does the response disappear?

excitation Z 7
\L —1— O PR SN /'____2_“ ~
i o . Z(s)=r +sL =0 __h _h
|TA : grl_i igrc : 1() L 1 Szl_ L1 a)zl_Ll
or vl ~
T : Lo 1 1 1
respomnse :‘\__%_“’: :\___§_C_2_ ! 2 ( ) C SC2 D Z, rCC2 0)22 rCCZ
—T— O

J The numerator is obtained without algebra

S S Inspection gives the
N(S)=|14+— || 1+— ‘
( ) ( @ ]( ) j simplest expressions

Z Z
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Course Agenda

1 The Null Double Injection
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The Null Double Injection

61

d A null implies an injection but no response

I I C
excitation ! response

N w

. . . . V.
J What is the time constant in this mode? = |

T
—
—Qx
. . T Y IT .
excitation ——> response IS

A T

1 Double injection with a nulled response (NDI)
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What is a Null in the Response?

4 In this configuration, the resistance is R + R,
‘ r=(R +R,)C, and N(s)=1+s(R +R,)C,
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Does it Have a Physical Meaning?

d A certain combination of V and | cancels the response

Gl
1le23
V2
375V |~ [3.75V ~ "
250 the lab oY
AAN—, + —VW——O)—,
3.00E-026V -
300V VWV ) Rtau jl> 300V [F——NVWN——— NV
§ R2 1.25kV 2 R2
vl o1k VR
@ 3 §R3 +51 @ 3 ng
10k Voltage 10
V(4,3)/1(V2)

[ The current source G, adjusts to set V_,, to O V: NDI

V, 3.
) R-= T3PV 500 — R 4R,
. 3mA
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Inspection Would Work Here as Well

J What prevents the excitation from building a response?

- mm mm o Em Em mm mm mm mm mm o Em my,

:' Rl l/SCI\\: Z, (Sz ) —> ©

VWV I N(s)

: : > Z,(5)= —
.; /\/\/\/_:_. Vout(sz):O (S)

. R, / —— D(s)=0

@\ Vi (Sz) R;%| Vout(SZ)

4 What is the denominator of Z,? Look at R driving C,
1

R=R +R, — D(s)=1+sC,(R +R,) — a)p:c(R +R,)
1 1 2

% Z,’s pole is H’s zero
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A Null is Not a Short Circuit

 See the output null as a virtual ground: no short!
—>—AANA—— Vou (8,)=0  ——AN— Vou =0
Il Rl — Il Rl
rL Iout(sz)_o rL
+ +
Qv LRI #E O LY R
L, L,
|, =1, I

J OV across a current generator is a true short circuit

v, =0 jl> I, V, =0

Replace
generator

Degenerate case

Public Information
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Degenerate Case Applied to Impedance

d Determine the input impedance of this circuit

R?_‘l'

NDI, V=0
short source
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Three Steps for the Transfer Function

1 For s = 0O, replace the inductor by a short circuit

JB NVN—
R? R,
> R, R, |:> Ry =R +R, || R,
1 |

J Result is well ordered and obtained without KVL/KCL

1—|—i Ro:Rl"l'Rz ||R3
()]
Z(S):RO z R
+R R,|I|R +R
1+i a)p=2 3 a):2|| RS

w, L, Z L,
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Summary for 1s*-order Systems - |

(1 Observe the circuit fors=0
** short inductor, open capacitor
v You have H,

d Turn the excitation off
*» voltage source is replaced by a short circuit
** current source is open-circuited

J Remove the energy storage element
 Determine the resistance Ry looking into its terminals

L
jl> 7, = R,C or TDZR—

D
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Summary for 15t-order Systems - |l

69

 Bring excitation source back in place
4 Null the output, V_,=0Vand Il ,,=0A

 Determine Ry driving the energy-storage component

L
jl> 7y = RyC or TNZR—

N

d Combine time constants and dc gain
S

| l1+—
+S
H(S):HO—TN:HO =
1+sz, 14>
0,

P

:> If possible, use inspection: simplest possible form
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What if dc Gain Does not Exist?

 If you have a series capacitor

C, R, VOUi(S) Vout (S) =0
n L
vn<s>%\§ =V AR

 The dc or quasi-static gain is O

No longer applies

H,=0 H(s)=H

Public Information
Christophe Basso -APEC 2016

70 2/25/2016




Consider High-Frequency Model

J Rather than considering s at O, consider s — o
R, o Vou (8)

S — o0 R
+ _ 2
Vi (8) @ R2% j‘> H. = R +R,

J Look at the resistance driving C while excitation is off
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Null the Response to Get the Zero

 Is there a zero other than at the origin?

—0 o
. - > I l:O Vi —> o0
Vin (S) 6’ R, ! -

~+ D |:>7N—>oo

J We have a high-frequency gain and two time constants

R
H = R +2R2 T, :(R1 +R2)C1 T, —> 0
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Two Formulas for the Same Function

(] The Extra Element Theorem shows that

|
L+ sz ey
H(s)=H, ~ is equivalentto H(s)=H, N
1+s7, 1 b
_|_
ST,
1 Time constants are similar in both expressions
|
H(s)= R, 1+5'OO __R :
R +R 1 R +R 1
e L2 1+
sC, (R +R,) sC, (R +R,)

It is a low-entropy form featuring an inverted pole

R. D. Middlebrook, “Null Double Injection and the Extra Element Theorem”, IEEE Transactions on on Education, Vol. 32, NO. 3, August 1989.

Public Information
Christophe Basso -APEC 2016

73 2/25/2016




Another Example

] The inductance is a short circuit in dc
J/_Vout(s)

0 Consider the circuit at high frequency instead

SRR i
Vi, (S)@ &% :
T
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Time Constant Involving Inductor

4 Look at the inductor time constant while V,, isO V

J Now consider a null output voltage
OV Loy =0 V_T i
IT

>
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Determining the Zero

] Check with SPICE if a doubt exists

V2
u'*' Gl R — O
1e23
+
R2 R1 \ @
5.00v | 100 oV 1K 5 00E-025v
— \N\VN————F———= —"V\V\—
’ ' RTauN 1* Y . I—1
: o Ty =— > ®
< V1 I R3 R
5 R? *B1 5k
l Voltage
V(4)I(V2)

4 G, injects a current to maintain V_, at O: NDI

out
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Final Transfer Function

1 Assemble time constants to form H(s)

H(S)— R3 S-90 _ R3 1
R,+R,+R |, 1 R,+R,+R |, 1
S L S L
R II(R,+R,) R II(R,+R,)

[ Rewrite the expression in a compact form

| R, o :R1||(R2+R3)
T LD © Ry+R+R ; L,

Public Information
Christophe Basso -APEC 2016

77 2/25/2016




Check with Mathcad and SPICE

R] = IOOQ Rz = 1k§2 R3 = SkQ Ll = 1mH
b 10.167 83
=7 = 10.167ps | (. ——
1
H;(s) ==Hj,¢ " fy = = 15.655kHz
1+ 2TE"CD

- 80

10 100 1k 10k 100k

2/25/2016

(x,y) = ——
Ty R1 R2
100 1k
3 V V. V 1 2 Vout
0.82 +
( V1 L1 R3
AC=1 1m 5k
-180
|H (f )|
40
ZH(f)
1Meg 10 100 1k 10k 100k 1Meg
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Checking for a Zero

79

 Is there a quick way to check if there is a zero?

» Yes! Put the reactance in its high-frequency state
» Check if the response is still there

v’ If yes, there is a zero associated with the reactance
v If not, there is no zero in the circuit

%_m R
LN L — A——— R, R,
Vin€\-/> R2§ /I\Vout NV NVN—
No /\/\/\/ YY" + e
23|
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Course Agenda

1 2M-Order Networks
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Fractions and Dimensions

81

1 A 15torder system follows the form

N (s o 1+is
H (s) - ( ): 8 +as factoring (5) = a, a
D(s) b,+bs by 1, B¢
d Leading term (if any) carries the unit
[ a ) 1+i8 a,
1+a—ls a, a——)[s]—)rN
_ 0 0
Z(s)=R—p— —» O
T [, S 12 ﬂ%[s]_ﬂ
Q] [ b, b, °

Unitless Unitless
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2"d-Order System

1 A 2"d-order system follows the form

2 : 2

o, +ao,S+a,5° Factoring « l+as+a,s

H(s)=—"—"—">= > H(s)=Hy—=1—2" unitless
/Bo ""1815 +ﬂ23 Factoring £, T 1+ bIS -+ bZS

Carries the unit

] The second fraction is unitless

a —ﬂ—>[ | >0+ S 2 : 2
1= S Tin TT)n ) = (S | 2T NTn OF Ty Ty
e &
sum product
. o _ b, 2 1 2
b == —>[s] > 1, +7p b, ———)[s ]—)rlDrzD or 7,57;p
ﬂo T T ﬂO

reactance 1 reactance 2
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Alternating the Reactance States

1 In a 1storder circuit, there is one reactance
it is either in a high-frequency state or in a dc state

-——J\/\/\r——g;————— AN\ ANNN '

+ q :O + T S_) +

& 20 s 2706 s
= g S

1 In a 2"d-order circuit, there are two reactances
** we can consider individual states
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84

ntroducing the Notation

1 Set one reactance into its high-frequency state

1 Reactance 1 is in its high-frequency state

2 What resistance drives reactance 27?
rRo_1

2 Reactance 2 is in its high-frequency state

1 What resistance drives reactance 17?
Ro—1

1 There is redundancy: pick the simplest result

_ 1 . 2
b,=r7, <> b =11
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Example with Capacitors

J Assume the following 2-capacitor circuit

R R

1 Determine the two time constants while V; is OV

R R C, R)\

' T, = . +
S o — C Y L g =C (1. +R )+ C,R,
R?—> 7, =C,R, D
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Determining the Higher-Order Term

86

4 Place C, in its high-frequency and look into C,

C > b, =10 =C, (. +R)C, (R IT)
Cl 2
T 7, :(R1 | rc)Cz

4 Place C, in its high-frequency and look into C,

_ 2 _
C, j\> b, =7,77 =C,RC1Kg
2
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Denominator is Completed

J The denominator can be assembled
D(s)=1+bs+h,s*> =1+|C (1. +R )+C,R |s+C,RC IS’
 Is there a zero in this network?

Vt(s)=0—¢

r N s =
c E r.C
— I I +L=O > -

sC, sC, 1

w, =
— - 1 IEZ(::l
B 1+ sr.C,
1+[C,(r. +R)+C,R, |s+C,RC IS’
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You Can Rework the Denominator

J Considering a low quality factor Q (roots are spread)

2
D(s)=1+bs+b,s* =1+ > +(ij z(1+b18)[1+l;—25]

Low-frequency  High-frequency wOQ Wy 1
H (s) ~ 1+sr.C, —
I
[1+S(C1 (rs + Rl)+C2R1)](1+s C(r erlil)lJfQRJ
14> 1 C (r. +R)+C,R
0, W, = a)p =
H (S) = Z rCCI 2 CZ RICI r-C
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Check with Mathcad

[ It is easy to check results versus a raw expression

__________________________

/
| 1 1 \
Ry :=1kQ  r~:=100Q C; :=10nF C, :=5nF (x,y) = I Z4(s) =] 1+ i
1 C 1 2 (%, y Xty ! 1(s) (C s-Cle(s-Czj |
1
HO =1 ‘cl:zcl-(rc+ R1)= IIMS T2:= C2R1=5MS al Z=T1+T2= 16]J.S : Zl(s) i
1
—=C =04 =C ._ _ 2 : HZ(S) = :
le = 2(R1 || rc) = V. SSMS ’C21 = er a2 .j_‘C_z'_’C_z_l_—_S_};lS_ i \\ Rl + Zl(s) //l
5 ' Ny T
Ni(s) =1+ s1Cy Di(s) =1+ ays +ays . Hy(s) :==Hyy |
. Dy(s)
1
w_ = 0| — 0
® . _1 -20 \\\ —1- 50 ariHl 12Tc fk)) 180
pl — a 20 log(|H1 P2 £y | ) \“\ o n
. - 180
. .%(i-}?g(|H2(1-2n~fk)|,10)_40 e arg Hy(ie2mefy ) ) — -
1 . \— 100
@, = — 20'104|H3(1~2n-fk)| ,10) 180
P e, o argH(i-27-i) | —
! S \ -6t e
! 1+ — | - 150
1 COZ :
1
- H3() | 80
: : 10 100 1x10° 1x10* 1107 1x10° 1x107
' )

fy
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2"d-Order Example

 What is the buck converter output impedance?
4/0_._NYY\

: Zou (S)
L )
Vin <> i K C2 T RIoad <: %
Voltage-mode

1 Consider parasitic elements for L and C
——

L1 C2 —_ Iout(S) A V (S) <«<—— response

Rigad Vout(s) @T ZOUt (S) B |

(S) <——— excitation
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Buck Output Impedance

d Let's find the term R, in dc: open caps, short inductors

—
V
r R —_T —
L§ load VT/I\ @T IT ‘ RO IT L || Rload
-1
. The zeros cancel the response
V.. (s,)=0? r
R t() 1 sL, +r, =0 rL(sthj:O @,, :E
| sug' L L, (A L |
| sC, | 1 | C -0 @, =
i i i §§Rload @T g_i_rc =0 +3hL, = rCCZ
S S
é §C N(s):(1+si)(1+srccz)
- rL
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Low-Frequency Time Constants

[ All elements are in their dc state
» Look at R driving L then R driving C

o 5 4 5 0
R?— «—R?
L1 C2 § RIoad L] C2 RIoad
I Ic I Ic
R=1 + Ry R:(rL‘HRIoad)_l_rC
b1: Ll +C2 |:(rL||RIoad)+rc:|
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High-Frequency Time Constants

 Set L, in high frequency state and look at R driving C,

T 2
o ) Tz 6 4
R? =—> R?=—>
|_1 C2 Rload <:> |_1 C2 RIoad
I I r I
C,(r.+R = L
2-2 ( oo ) 1 r + RIoad H r
L L,
b2: : Cz(rc+Rload)_ [( L||Rload +r :l
I"L + RIoad r + I:\)Ioad || r
b, = 7,7, b, =7,7]
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Compensating the Buck — Method 1

J We have our denominator!

D(S):“_S( 2 +C2|:(rL||Rload)+rC:|]+Sz(L1C2 rC+Rloadj

rL T RIoad rL T RIoad

 The complete transfer function is now:

[1+S|r_1)(1+3rccz)
Zoi (8)= (111 Roaq ) L
|_1 ) rc +Rload
1 R LC
+S(I’L—|—Rload +C2|:(r|_ H Ioad)+rC:|j+S [ s N+ |oadj

Public Information
Christophe Basso -APEC 2016

94 2/25/2016




Compensating the Buck — Method 1

95

It can be put under the following form:

l+s/w, J(1+5/o,
7 (5)=r, rYe)(1+5/,)
S S
1+ +| —
aola)
1 We can identify the terms:
1 1
R =1 ||Roa a)z =— 0)22:
0 'L load L I‘CC2
. = 1 \/rL + Rigad 0= L.C,a, (rc + Ry )
" L1C2 r-C + RIoad I'I + C2 (rL r.C + r.L Rload + r.C Rload )
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Check Response with Mathcad®

X | 1 i
:=01Q rc=10Q Cyi=10F L;:=20uH R :=5Q (xy) = Y ! Zy(s) =s-Ly+r Zy(s) =—— +r1C |
X+y ! 5:Cy i
Rp =1 IRy = 0.098Q i !
L Zy(s) =Ry I(Zy(5) (1 Z4(9)) :
L \\ _______________________________________ ’/
1
Ty = = 3922 1= Cy(r IR, + 1) = 100.98ns  ay =1 + 15 = 4.023ps Raw expression
L™ ™L
L 2
T 12 = C2(I'C + RL) = OISMS T21 = = 5825“5 32 = T2'T21 = 0588HS
I'L + RL || I'C
L ) Nl(s)
Ni(s) = 1+s— -(1 + s-rC-Cz) Di(s)=1+aps+ays Z(s) =Ry
rL Dl(S)
(DZI = (022 = (00 = . =
Ll rCC2 L1C2 I'C + RL Ll + Cz(rLrC + I'LRL + rcRL)
s ]
1+ — || 14+ —
Z4(s) R ( mzl}( (022]
3 S) = . [] n
o (=Y v'Fault correction is easy!
09 Q | @
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Derivation is Correct

J Magnitude and phase curves perfectly superimpose

» |
) "__r°---*;‘~ .‘ ‘\
z,(i-2n 1) 10 // 150 180
20-log 5 ,10 / / arg(zl(i.zn.fk))._
4 \“\ —_ - T
z.(i-2n-f 0 / 180
20-log 2(1§: k) .10 IS, o // ‘*~._____“ 0 arg(Zz(i-zn.fk)).T
..... / ~— T
o - 10 / . 180
Jolod 23(12n fk) o / arg(z3(1.2n.fk)).7
o @ 0 1507
~30
10 100 1x10° 1x10* 1x10° 1x10° 1x10”

fy

J Always verify results with a different expression or SPICE
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Checking for Zeros

[ Is there a quick way to check if there are zeros?

» Yes! Simultaneously put reactances in their HF state
» Check if the response is still there

v’ If yes, there are 2 zeros in the circuit

Rz
—A\M—
r L1 I
L1 |
I'c I'c §
V.. ®+ Vou +Vin Vout
C2 p— Cz::
1 zero 2 Zeros
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Course Agenda

d The PWM Switch Model
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The PWM Switch Model in Voltage Mode

1 The non-linearity is brought by the switching cell

a( Q/c \.C Y Y Y
L a: active
+ 1 c: common
u () C =+ R RN
1 p: passive
J

J Why don't we linearize the cell alone?

+
C

O a To@g—o ao : O oC
o l III
oL >

PWM switch VM [P
Switching cell é

Small-signal model
(CCM voltage-mode) D

V. Vorpérian, "Simplified Analysis of PWM Converters using Model of PWM Switch, parts | and II” IEEE Transactions on Aerospace and Electronic Systems, Vol. 26, NO. 3, 1990
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Replace the Switches by the Model

 Like in a bipolar circuit, replace the switching cell...

—— —
’—— -~ -

u;

~ -
e -

0 ...and solve a set of linear equations!  Smallsignal model

: . * i —
u() 1B O_blé C— SR
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An Invariant Model

 The switching cell made of two switches is everywhere!

102

/YY)

o

PWM switch VM__|P
buck {\
o—1a 57« —o
buck-boost %
—0 o—
PWM switch VM_|P
@© o § l
[~Z
. 7 :
O |k

>t

PWM switch VM _|P

boost

2/25/2016

P | PWM switch VM
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CCM Common Passive Configuration

J The PWM switch is a single-pole double-throw model

ar——0««—e&—>—C

N
Vyp (1) . Vep (1)

 Install it in a buck and draw its terminals waveforms

(0 d (1)

a O < & C > Y Y YA

N ?d’
O V. CT R |V
WON_ L v |
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The Common Passive Configuration

 Average the current waveforms across the PWM switch

0 (t) 1
T~ k(1))
L ()1 ! = DI,
// // <ic (t)>TSW T
Avgratﬁ::

Public Information
Christophe Basso -APEC 2016

104 2/25/2016




The Common Passive Configuration

J Average the voltage waveforms across the PWM switch

Vap (1))
<Vap (t)>TSW
0 > t
Vep (t) ¢ Voo $ DV,
Averaged
<VCP (t)>TS v;/?iraablgs
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A Two-Port Representation

d We have a link between input and output variables

DI. ( d L
- a Two-port B
Vap T cell T DVap
—3 P p——
\- J

J We can involve current and voltage sources
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A Dc Transformer Model

 The large-signal model is a dc "transformer"!

,=DI, | =2
D
V dc equations!
Vv =% V_ =DV
ap D cp ap

AAA A - D
n L e P N

* a 1 > Dc bias point
Vin <> C — R Ac response
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Simulate Immediately!
1 SPICE can get you the dc bias point

?020 liéo vic V@p)*v(d)
e . . 14.0vV
M‘ NN 4 IV /C cf O 3 O—ﬁlp P A ’—‘ <VOUt
| + +
! + d , L
C Vg -300mV ™ —/a ay/ *@ 1 n1
© va + Rdum V(dI(vIC) T 470u S 10
03,0 3N
AC =1

 ...but also the ac résponse as it linearizes the circuit

40.0 360
20.0 /w f )| 180

(dB) © ° (%)

200| @gH ( f ) X ¥ -180

-360

-40.0
10 100 1K 10k 100k
Hz CCM
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A Small-Signal Model

J We need a small-signal version to get the ac response
** Perturb equations or run partial differentiation

2 variables
. of(D,1) . of(D,1). . ..
l, @l DI, _ I, = (8D C)d-i— (GIC C)IC ‘ I, =1.d+Di,
2 variables
R _of(DV,,) . of(DV,) . A .
V,, ()DV, D) v = (aD P4+ . "2\, Emy V¥, =V,d+Di,
SV Vypd
(1.4 Di Vap A >
a ° O+c a O- C
+
\l@ B £> Dv,, > 1.4 1O 1%|§D
I 0,
P %
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Course Agenda

J A CCM Buck in Voltage Mode
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A Buck Converter

1 Replace the diode and the switch by the model

B — =V,
1\ o L,
Control I'c
Vin C)ﬁ K § RIoad
\\\ ______________ .—’,’
P ::C2
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Model at Work in a Buck Converter

 Plug the invariant small-signal model: all linear!

B2
Voltage
T o B
+
o m /c c/— " — AN lm Vout
5.00V | [5.00V |
stat|c Current Current oltage
417mv c
I(Ve)*V(d) I(Ve)*V(DO) VE.RV(DO) § c
Vi -582nV R3
m 4.99V
) {Vin} d dynamic \9 parameters A §5
i Cc2
+va4 tvs 1uQ Vin=12 = A7uF
Om @ ac=1 D=0.417

d We want the ac control-to-output transfer function

V

. (S) Setnodeato OV

Node p is ground

D(S) 0. =0 V(a,p):
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Redraw the Simplified Circuit

[ Ac contribution from the input is not the subject

L1 rL
100uH 10m
parameters —— "N AAN—; <Vout
Vin=12
D=0.417 o
+ B2 R3
Jd ( Voltage 5 5
{Vin}*v(d) c2
" V5 ! T 47uF
6/ AC =1 d

0 Setting d to O V turns the excitation off

Control-to-output
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A Familiar Architecture

[ The circuit returns to its natural structure

D(s)=1+ > +[ij
L, C, 0,Q | @,

RIoad § > , = 1 rL T RIoad
JLC, . +R

load

L|C2(00 (rC + RIoad )
L +C, (r.re + 1 R +eRiad )

Q=

load

1 You can reuse the denominator previously determined

Control-to-output
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Determine the Gain in Dc

1 Open the capacitor, short the inductor

w Vou (5)
I

L

+ R
R _ load
O V,,-d(s) oad § > Hy =Vi T

T load

control rC

[ Losses from the MOSFET and the diode could be added

Control-to-output
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Determining the Zeros

U The response is canceled if Z,(S,) is a transformed short

o ) Vout (Sz ) — O
mdAA e e
r SL1 e : SI—1 +I —0 Non!
 =— I sr.C,+1
Za(s) sC, | L+—=—"2—=07?

§ sC, sC,
IR
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Final Response

1 Assemble the pieces to form H(5s)
S

1+—
V(s | R
out( ) =H, @, : w, = Ho :Vin load
D(S) 14 S _l_(sj I'-C(:z Rload +1
@,Q 20
. = 1 \/ I+ R Q= L.C, o, (rc + Rigag )
0

V L]C2 rC + RIoad Ll + C2 (rL rC + rL RIoad + rC RIoad )

d Compare low-entropy form with raw formula

_ R 11Z,(s)
He (8) =i Z,(s)+R_11Z,(s)

Control-to-output
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Test with Mathcad is Simple and Fast

Xy

17 :=0.01Q 10:=0.032 Cy:=47uF  L;:=100uH Ry =35Q I(x,y) = ry
Vin Ry

Vip= 12V V=1V Hy = —- =11.976 20-log(Hp) = 21.566
Vp RL + I,

L 3
1= = 19.96 pis 75 = Cy(rp [ Ry + 1) = 1.879% 10™ns
rL + RL

ap:=1]+ 15 =21.83%us
t19:=Cy(rc + Ry ) = 236.4kps
ay =TT p=4719% 103-;152

Ni(s) =1+ sr1Cy

1 1 L+ Ry
®z2 = ®p = :
1+ —
)
Hy(s) := Hyy

118
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Di(s):==1+ayps+ a2-52

—2511x 10°-ps

Ny(s)
D(s)

Hl(S) = HO

Ll-Cz-wO-(rC + RL)

Ll + C2 (I'L'I'C + I'LRL + rcRL)

Public Information
Christophe Basso -APEC 2016

Z :=s-L Z =
a(S) S 1 + I'L b(S) SC2 + I'C
Z(s) | Ry V;
Hj(s) = —
Z,(s) + Zp(s) IRy, Vp
All curves
superimpose!
OO
21.5 dB

H(f)

10 Hz




Input to Output Transfer Function

N

d We canset d to O and check V,,to V,,

Ay Yo ()

. L Set L, as a short circuit
Excitation p— C2 open CapaC|t0r Cz
OV, | SR
f R
Contributesazeroei I'c H0 =D, load
w, = IC RIoad + rL
rc A i

4 For Vi, = O, same structure as before, reuse D(S)!

Input-to-output

Public Information
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Transfer Function is Immediate

J Reuse existing formula and build transfer function

14> 1 Rcad
Vout (S) —H , a)z = —_— H0 = DO oal
"0 () C: s 1
1+ +
a)oQ a)o
0°
Q= LGy, (rc + Rigag ) 7.6 dB
|—| + C2 (r|_ e +1, Rload +Ic Rload )
] \/rL+R,0ad ZH(f)
0
\/ L1C2 IFC + Rload -180°

10 Hz 10 MHz

Input-to-output

Public Information
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Buck Input Impedance

4 Inductance Lol lets you sweep the input to have Z;,

/T Sgltage "
Ac block| 12, V@pyVd)V(Do) 20w (s00v [5.00 | 100uHm 10M (157
2'a’2'a) /a aft [12.0V] - /c C/ 7 l\/\/\/ 5
12QV
B4
Curren Curren oltage
él(Vc) v:% I(Ve)* \}(DO) x(;: pc“; (D) §r3C0m
ry
ol o O El\ll?n} - parameters a9V ;?3
ov
. Cc2
+ + Vin=12 = 474
Owm 6 ac-o D=0.417 e
 In this mode, d is equal to zero
V (S) Source B2 and B1 are zero
LU Node p is ground Simplify schematic
| (s) . V(a,p)=V, Check ac response

Input impedance

Public Information
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Simplifying and Rearranging is Key

4 Install the dc transformer to obtain Z;,

—[—0 /\/\/\/_NYY\
Excitation 1+ A 0 L —C,
° Q R
@T Vi 1 I D,
] r
Response —]
——0

[ Reflect elements to the primary side

Public Information
Christophe Basso -APEC 2016
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Start withs=0

1 Short the inductor, open the capacitor
O MW ———
r L,

D c.o0

U For the time constants, suppress the excitation, I =0
TN TR VAR e T
° K3 S B ! e S R

Input impedance

Public Information
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Higher Order Coefficients

4 Avoid indeterminacy with 7, : use 7, instead

d Determine 7,

L, 7 ——> High-frequency state
O—AMN—0 4 O T ”
I T Cz 1 S R )
D, »_ L
R ? Road Tl DO2 - 00
D,
. |
0 . +R... L,
O z-22-12:(:2[)02((: OzL deoz OOZO
r.+R
j> D(s)=1+|C,D,*| =——=¢ |+ I; s=1+5C,(I. +R o )
D, D,” -

Input impedance

Public Information
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The Numerator is Already Known

[ Null the response across the current source

125

—> Degenerate case, short the generator’s terminals!

—-C,D,’

0

load

N(s):1+s[

2/25/2016

Ll

n+R

load

+C[(n R.Oad)+rc]]+s{ucz e R]

Public Information
Christophe Basso -APEC 2016

-

Same network

in slide 114!
\_

~N

structure as

J

n+R

load

Input impedance



Assemble the Pieces

[ The transfer function dimension is now in ohms

2
1+ > +( Sj
Z,(s)=R—22 %) ] R, = J* Read
in 0 p 0
1_|_i (rC+RLoad)C2 DO2
0
P
100 100°
Q _ LICsz (rC + Rload )
I—1+Cz(rLrC+rLRIoad +rCRload)

. = 1 \/rL + Rload
0 !
N L1C2 Ie + RIoad dBQ T 29.2 dBQ

10 Hz 10 MHz

Public Information
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Course Agenda

J A CCM Buck-Boost in Voltage Mode

Public Information
Christophe Basso -APEC 2016
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A Buck-Boost Converter

—I—T K] I - —V,,

| |
|
O

Public Information
Christophe Basso -APEC 2016
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Modeling Switches Only

d The PWM switch is invariant in small and large signals

Replace by

small-signal model

[6gomV )~
parameters o o s[xa
® > PWMCCMVM
[&
Vin=12 E
? Vout
D=0.6 /: < §
(Y -17.9V
11 _|< N
*Vin r
O i o447V | 6
L1 C
d 100u 30m
R2
2 § s
+
V5 L
{D} 10m | c2
AC=1 T 47u

Reference circuit

2/25/2016

parameters

Vin=12
D=0.6

B1
Current

+\
O v

/a a

VeV (d)
B2

Ve V(DO

B4
Voltage

static

/o ok

N L1
@ Xé . §100u

A rL
d % 10m

*va
O o

Ve 4+ 10+
CE V(6,p)*V(DO)

P/

rC
30m

Cc2

T 47u

J Always check simplifications versus reference circuit

Public Information

Christophe Basso -APEC 2016

R2
10

Vout



Control to Output Transfer Function

1 We want the control-to-output transfer function

N

Vout

parameters T

in= B4
Vout=-Vin*D/(1-D) | E\‘/J;e{”é} 4 +VEPP} < 30m
Vap=Vin-Vout C) c
lc=-Vout/(RL*(1-D)) o1 [a . § %

7
Current Voltage
T© {IicyV(d) <> {Vap}*V(d)AD} % hl)Ou .
d p—
Vout ( S ) ”% i 47u
D (S) A Excitation +X<1:—1 ;;LOm
Vin =0 -

J Simplify circuit and check ac responseTis unchanged

Control-to-output

Public Information
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Simplify and Rearrange Expressions

1 The final schematic is truly compact

p
- <Vout
parameters
= B3
VT_]'Z < Voltage
D=0.6 N {VapFV(d)-V(p)D} §§3m
Vout=-Vin*D/(1-D) )
RL=10 +
Vap=Vin-Vout 1 girrem (O)ve 3
IC:-VOUt/(RL*(l-D)) {|C}*V(d)+|(VC)*{D} § Tg
L1
100u -
\d\ T 47u
response —> Vy, (S) °
+V1 rL
excitation — D(S) —t @ AC = 1 10m

- Control-to-output

Public Information
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A Two-Storage Element Circuit

d There are two independent state variables
» This is a 2"9-order network
1+as+a,s’
"1+bs+b,s’
1. Determine the dc gain H,: open capacitor and short inductor

2. b, equals the sum of the time constants when excitation is off
3. b, combines time constants product when excitation is off

> Assemble D(s)

1. Determine the zeros >
» NDI or inspection

j> Assemble N(s)

H(s)=H

Public Information
Christophe Basso -APEC 2016
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Three Equations for the dc Gain

d Apply KCL on a simple circuit without reactances, s =0

V

out

VapOD(s)—VOut (s)D, § i
C

oV
T@ |COD(S)+ 1. D, C current probe
Rload §

L, ©
shorted C, 0
o
open
rL

Public Information
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I (S) = Vou (S)+Vap0 DrfS)_VOUt (S) D,

1,(s)=1c,D(s)+ 1. (s)D, — 1 (9)

Vout (S) - |2 (S) RIoad VapO :Vin _Vout

Substitute
rearrange

_[ 1 jvout o+ Rload (1 o DO )2 (Vin _Vout)
1-D, [+ R (1-D, )

D
- O’ Vout = _Vin 1 E)
o




Excitation is Turned off - 7,

 All expressions featuring d or D(s) aresetto O

P
>
|2
Al l_v(p)DO . §
+ C
IT
oV
T@ _|TD0 current probe
Rload §
O
R?
B ooen 9
pen
.1 = v,
- - 1

Public Information
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V(p) = IZRloa\d _(Il + IT ) I:zload

V(p) — 7 (1_ DO)RIoad

Vi =V, =V Dy + 1y
Substitute
rearrange

R=-T=r +(1-D,) R

J

L
r+(1-D,)’R

load

load

Control-to-output




Excitation is Turned off - 7,

J The inductor is now shorted
T l,=1,-1,=1,(D,-1)

Vi VP Vi (1-Dy)

(

3 ; =Y Vo
A I’.L I’.L
! ~VinDo . § L+l Y Vi =Re (1 +1)

+
) V, =L 4V,
19 1.0 O Substitute
30 R § rearrange
V. R4
, ITA R:—TIrC+ IoadL2
L IT RIoad (1_ DO) +I
R 9
L

shorted l; ‘ T .
VT 2_2 _ C2 [rc + load rL ]

2
RIoad (1 - DO) +I
Control-to-output

Public Information
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| n H 1 2
Which Combination: 7,7, or 7,7, ?
1 Open the inductor: simplest configuration is r;

L

Hi-frequency

7.

3"
©)

?

136

2/25/2016
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Christophe Basso -APEC 2016

Combine with
0
Z'l = Ll 2
rL +(1_ DO) RIoad
n=—— G, (r +Ru)




Denominator Expression

 The 2"9-order denominator can be formed

— — load
b =7+7, = +C2(rc+

D(s)=1+ L +C2(rc+ Riao J s+[ L - C, (1. +Roa ) |8
load R o rLdl_(l_DO) Rload

> H (S) —H N (S) 7 ccing]
— ' l-l-blS-I-szz eros are missing!

Control-to-output

Public Information
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Determining the Numerator

J To determine zeros, bring the excitation back
P

™ Response
. “What conditions in the
A le Y i =0 transformed circuit
: ST null the response?”
VapOD(S)_Vout (S) D,
* | grce
+<> fout =0
1 1c,D(s)+1cD, | - $ e N4
E + * Mload Vour = 1
T § | Z(s)=r.+ =0
Excitation ! i SC2
sL, | !
= |, =1
i\SC2 T 1 = e
I One zero —T Z(s) :
) What if L, and C,

are in HF state?

Public Information
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First Zero is Easy

d The equivalent series resistance brings the first zero

1 1+sr.C,

L (S, )=r.+—=0 —Z (S, )= =0
1( z) C SC2 1( z) SCz
d The negative (LHP) root is simply
| 1
S, =— w, =——
1 rC(':2 1 rCCZ
d Almost there... c
L+—|(...)
a)Z
H(s)= :

"1+bs+b,s’

Control-to-output

Public Information
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Equate Current Expressions

[ The output null implies that v ,, =0

V. D(s
| ST .Y L=l =0 I (s)=—"2 5)
1 T 2 | SL1+I’L
vapoD(s)—Do+Q 1,(5)=1e,D(s)+1¢(s)D,  Substitute Igin I,
+ V. D(s V. D(s
() IC()D(S)+ apo0 ( )D()_ apo0 ( ):O
10 16,D(s)+1:D, r+sL, ro+sk,
Solve for the root
SL1 ) 2
N :(I—DO) R..q — 1 D, 0, z(l—DO) R gad
2 DOL[ rL << RIoad DOL]
rL

Positive root, RHP/Z!

Control-to-output

Public Information
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Final Expression

d Assemble the pieces to form the transfer function

V.r +R_ (1-D,) (V.. -V
HOZ—( 1 ) out |_+ Ioad( 0) ( |2n out) N(S)=(1+SrCC2) I—S 2DOL1
I- DO o+ Rload (1_ DO) (1— DO) Rload - DO
L Rioag ' | L,
D(s)=1+ ! +C,| . + toad L S+ C,(r.+R ) 1S’
( ) [r|_+(1_Do)2 Rload Z(C Rload (1_D0)2+rL}_ [rL+(1_D0)2 Rload Z(C | d)]

 Rearrange under a 2"%-order polynomial form
1 1 1 1-D,

wO:\/E: Ll C(r +R): /LC rC_'_RL ) L1C2
I’-L +(I_DO )2 RIoad T ) o rL +(1_D0 )2 Rload
L
C,(r. +R))
Q—ﬁ— \/rL+(1_D°)2 Ros ~(1-D,)R F
- - ~ 0 load
bl Ll + C2 (rc + RIoad rL ] L'
2 2
rL—i_(l_DO) Rload RIoad (I_DO) +rL

Control-to-output

Public Information
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Plot the Dynamic Response

d Check response versus that of PWM switch model

e
H(s)=H, “ “

2
( j

T I |
(l—D) B O
- :(I_D)2 RIoad
& DL,
1-D C
- ~(1-D)R,, |=2
a)o L|C2 Q ( ) Ioad\/:

142 2/25/2016

d
600mv T
parameters © T 5| X1
>| PWMCCMVM
- O
\ Vin=12 S
D=0.6 f(— s
o
Y : o
11
(ol
* Vin d :
O Tamv |
+V5 L1 C
(\J ?DC} =1 100u 30m
[44.7mV | [-17.9V | ?(‘)2
12 2

rL
10m 1 C2
T 47u

Large-signal

Public Information
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PWM switch model

Control-to-output




SPICE and Mathcad® Plots

[ Curves superimpose: transfer function is correct!

L o A

S
’ AN
)
1 1100 o
(dB) Vout(f) “. ( )
D(f) 1
H(i2x-f \ f
ol L o \\ T
\ - 100
0 \
\\
10 100 1x10° 1x10" 1x10°

Public Information
Christophe Basso -APEC 2016

143 2/25/2016




Input to Output Transfer Function

A This time d is 0 and V., is now ac-modulated

N

 All sources including d (d) are setto O

N

N

Vout
parameters
B4
) C) Voltage
Vin=12 + V(a,p)*{D}
D=0.6 6 rC
+ 30m
() Ve
B3 2 § R2
Current 4
oy O L1 10
§ 100u
a | c2
= 47
response —> V, (S) y 12 ”
+Vin rL
ot {(Vin} §
excitation — Vin (S) _ AC o1 10m

O Excitation is O, structure is unchanged: Reuse D(s)!

slide 131

Public Information
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Static Gain - Response fors=0

[ Open the capacitor and short the inductor

p ,
N > Vout IC _ Vout +Vin DO _Vout DO
f
(D V(aV,,)D, -
Il A + ,?\

: |1 _ (Vout +Vin [r)o _Vout DO j DO
o |

Vout :(Il o IC)Rload

Solve for V.,
| and rearrange
I o
a. :
SR I SR C2

. __D(-D)Ry _ D
T Vin =0 O (I_D)2 Rload I 1-D

Input-to-output
2/25/2016
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Determining the Numerator: Null vV .

J To determine zeros, bring the excitation back

Excitation

O

IC

___________

E Rload § Vout — O 1 1

“What conditions in the
transformed circuit
Yi =0 null the response?”

Z(s)=r.+

0 — w

sC, .G,

What if L, is set to its HF state?
lc =0 — I.D,=0

No response, 1 zero only

146
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Input-to-output
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(1+sr.C,)

+ +
@,Q

2/25/2016

Final Transfer Function

1 The transfer function is immediate

7\
I

><

1

parameters

Vin=12
D=0.6

1 .
+ Vin

{Vin}
AC=1

Tsonv ]

L1
100u

rL
10m

600mV |
o 2
= PWMCCMVM
O
3
E =
Q 22.4V
I :}Q

8

rcC
30m

155.9mV | [-22.4V |
12

2

Cc2

T 47u

Public Information
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Large-signal PWM switch model
Input-to-output
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SPICE and Mathcad® Plots

[ Curves superimpose: transfer function is correct!

...... .
0 ‘-,1 V., (f )' 150
(dB) \ Vi (1) (°)
t
;
: 100
20-log [,k 2n8,)| 10) ‘i arg(Hz(i.zn.fk)).@
- 50 'i ..... T
:" \ =150
ZVOUt ( f ) .‘u\ ‘>‘
P
Vin ( f ) 1_“ -,}’,.
H.-__- _-'-‘-'.___.,.u’
~ 100 0
10 100 1x10° 1x10% 1x10°
fx

2/25/2016
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Output Impedance Determination

 Install an 1-A ac current source on the output
> d=9

p
T V
parameters 8) out response
. Voltage
Vin=12 +V(0,p)*{D}
D=0.6 grc
30m
() Ve
Current \ i § R2 AC=1
urren . .
I(VC)*{D} ol L1 10 Qi <—— excitation
gloou
. C2
12 T 47u
L response —> Vou (5)
10m
% excitation — | (S)

U If excitation is O, structure is unchanged. Same D(s)!

—> slide 131

Public Information
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Static Resistance: Response fors=0

1 Open the capacitor and short the inductor

Vout .
n -< Vout | = Vout _Vout DO _ VOUt (1 B DO)
c = =
(O V(0V,,)D, I I
A ' 2 Y V,, (1-D
| = out ( B 0) D | = Vout
e e S ! " o h=g™

low =1c +1, -1,
I D, @T ‘ | Rload§ @T Iout

Factor V,, and
© rearrange
Cz

_ load

Output impedance

Public Information
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Determining the Numerator

J To determine zeros, bring the excitation back

151

=0

-0 “What conditions in the

E Rload §

ol

2/25/2016

transformed circuit
null the response?”

1

=0
sC,

Z (s)=r.+

What if L, and C, are in HF state?

=0 — I.;D,=0 — VvV =I,R

lc

out ' “load

There is a response: 2 zeros

Output impedance

Public Information
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Two Zeros in the Left Half-Plane

U The inductor contributes a zero with r,
vV, =0
C : V,=0

v
™~ out

out
N

Public Information
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Final Transfer Fun

ction

1 The transfer function is immediate

L1 W"d\
(1 + Sl Cz ) 1+s r_ ) parameters © o = >F§\1NMCCMVM
L =
Zout (S) ~ RO 2 Vin=12 E Vout
— _ o
@,Q |\ @, Y . | of
in £
1-D > (R vinp ) g 44.7mV | :
. ~ . L1 r
0 LC A o1 § 100u § om .
2 1\244_7mv REZA 2 ?g; @T AC=1
o ) S
Q ~ (1 D) RIoad f

153 2/25/2016
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Large-signal PWM switch model

Output impedance



SPICE and Mathcad® Plots

[ Curves superimpose: transfer function is correct!

40
[V [
il X
IJ’ k
20 K. =50
/\
(dBQ) /7 /| Zo (1)) (°)
P
O L ,l‘ N
Hs(i2m-fy ) .-~ / ; N , 180
20-1o .10 , \ o arg(H3(1-2n-fk))-—
Q / ! -',J' ----- T
K
; \‘\u ."
! ?
} 4 =50
- 40 [ \ K
Azom ( f ) \\ 7
e
60
1 10 100 1x10° 1x10* 1x10° 1x10°

fi

154
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Buck-Boost Input Impedance

4 Lol lets you ac-sweep the input to have Z;,

Vin

2/25/2016

B3
a Current P
: O—F
I(ve){D} é
Voltage

12.0vV

8

e}

Lo | AC
lin A 1G | plock

{Vin}

parameters

Vin=12
D=0.6

* V(a,p)*{D}

rc
30m

2 R2
10

e
T 47u

response — > Vin (S)

excitation —— | (S)

Christophe Basso -APEC 2016

Public Information

o,
Il
-

Input impedance




Input Resistance fors=0

(1 Open capacitor and short the inductor

@\E —>:: I.Dy =1¢ +1, V(p)ZIZRIoad
|1 IcDo |2=|C(DO—1) V(p)ZIC(DO_l)Rload
| V(p) +V; D0 —V(p) D0
IT,A E - f
v @ Substitute V(p)
R
of by
Ny RIoad DO2 - 2’Rload DO + RIoad + r-L
@ I, =D, I
response
2
V_T: R — (1_ DO) RIoad +I
T L, D,’

Input impedance

Public Information
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Determine the Denominator, 7,

 Turning the excitation off changes the structure
** You cannot reuse D(s) and node (a) is dangling

a 1Dy p |, =—1
- @ - V(a):DOITRdum L, =1cD+ 1 |2:|T(1_D0)
+V(a, p) D, V(p) = LR =1 (1_ Do)Rload
add
Y VTZIT(rL"'R Doz_(l_Do)R D0+(1_D0)Rload)

dum load

Rearrange
IT Rload §

Public Information
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Determine the Denominator, 7,

4 Short inductor L, and look into C,’s terminals

a |%_§o P |C)(D0 1) Viay = =DolcRum Vip =] 1c(Dy =1)+ I7 |Riug
V(p) +V(a) D, —V(p) D,
+V(a, p)D, Vi =Vr— il Ic = "
I 1Y -
AleDy e fC§ ? Substitute and
rearrange I
R
| load I;R.q (1-D
Rdum§ R? i § 1_: — 7R 20)
r-L * RIoad + rL 2DO Rload + DO (Rdum + RIoad )
L, *
TTVT Vi -1 :[IC(DO_1)+IT:|RI0ad
L1 Ryn =
:I(Z V Rdum (Rload Do2 + 7Rload rL ] um
T dum
R T [R_+r 2DR_ DR = e R
Z'2 . (r_C 4 Rload )C2 T Rdum( load L R(;umload 0 " ‘load + DOZ)

Public Information
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Determine the Last Term, 7,

d Open the inductor and look through C,’s terminals

As L, is open, current | is zero

= D(s)=1+bs+b,s*> =1+5s(r. + Ry )C,

Input impedance

Public Information
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Null the response for the denominator

d Short the current source for a null in the response

J Structure returns to its original state: use D for N!

a P T
~ Determined for Z., ., and H

@ T . out
D, V(a, p)D,

2
, + S S
| Rload§

Public Information
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Final Transfer Function

1 The transfer function is immediate

2
S S §
1+ + N 120V 600mV
') Q 'N) 11
V4 (S) ~ R 0 0 o o| 5| parameters
in ~ 0 i <
1+5(r. + Rye )C Ac L) v I
¢ load 2 block 16 | x1 /0 3 D=0.6
PWMCCMVM E = :
1-D :
@, ~ > 11 15+Vin d O e
LG, Oac=1O ym v 2oV}
+ L1 c
S ;’D5} 100u ;f%m
C g
2 12 > 10
Q~(1-D)Rpuy[— ) )
L'l / 10m —

Large-signal PWM switch model

Input impedance

Public Information
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SPICE and Mathcad® Plots

1 Curves superimpose: transfer function is correct!

80
Zé Zln ( 1- ) ,
60 S E—— 485 11TV
(dBQ) ! / (°)
40 ¢ /
H,(i-2n-f, ! _ 180
20'1(){ 4( ) , 10] Einte et S : / 20 ar4H4(1-27T'fk))'_
Q P Py Sl A ¢’ | - e e.... T
20(13 aBL2 7 |‘-in \ I )
“\\ /
N _
0 \/ - 100
~20
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 Plotting a transfer function is easy with nowadays tools

¢ You have no insight on what affects poles or zeros
 Analytical analysis is important but the form matters

1 A low-entropy expression unveils contributors to poles/zeros
1 FACTs naturally lead to low-entropy expressions

v Break the circuit into simple schematics

v’ Determine time constants in each configuration

d Small-signal analysis makes extensive use of FACTs

1 SPICE and Mathcad are useful instruments to track errors
1 Becoming skilled with FACT requires practice and tenacity!

Merci !
Thank youl!

r\% Xié-xie!
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